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ABSTRACT
We discuss the entropy and the transformation properties of classical extremal
N = 2 black hole solutions in supergravity theories associated with the min-
imal coupling models CP (n   1; 1). The entropy is given by a manifestly
invariant quantity under the embedding of the duality group SU(1; n) into
Sp(2n+ 2) which is a symmetry of the classical BPS mass formula.
1
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Recently there has been considerable progress in the understanding of extremal dy-
onic black holes in N = 2 supergravity theories using the symplectic formualtion of the
underlying special geometry. In a theory with N vector multiplets, these black holes are




) (I = 0;    ; N) where
the gauge group of the theory is given by U(1)
N+1
and the extra U(1) factor is due to








where Z is the central charge of the N = 2 supersymmetry algebra. The black hole ADM






















(A = 1;    ; N); are the values of the moduli at spatial innity.
The black hole metric is asymptotically at at innity and near the horizon the met-
ric describes a Bertotti-Robinson universe. In both limits, the N = 2 supersmmetry is
preserved and the interpolating elds conguration between these two maximally super-
symmetric eld congurations breaks half of the supersymmetry, which means that one
is dealing with BPS states.
It was shown in [1] that the moduli take xed points values at the horizon which
depend only on the electric and magnetic charges and independent of the initial values


























Soon after a general principle was discovered, the so-called principle of minimal charge,
which basically states that the values of the moduli at the horizon extremize the central
charge [4]. The square of the central charge at the horizon gives the area of the horizon in
terms of the quantum numbers and therefore the BH entropy. This result comes about as
a consequence of unbroken supersymmetry of the black hole near horizon. Particularly
simple black hole solutions are the so-called double-extreme dyonic black holes, those







the metric is that of Reissner-Nordstrom.
In the original analysis of Kallosh, Ferrara and Strominger [1] the holomorphic func-
tion essential for the superconformal tensor analysis of special geometry was used. How-
ever, the principle of minimal charge uses a coordinate free analysis of special geometry
and therefore independent of the existence of the holomorphic function.





and determine the values of the moduli elds at the horizon and








is given in [7, 8, 9]. Also the quantum
corrections for the entropy in these models has recently been discussed in [10, 11].
We rst briey say few words on the symplectic formalism of N = 2 supergravity
coupled to n
V
vectormultiplets [2]. The action of N = 2 supergravity coupled to n
V









 = 0; : : : ; n
V
which encodes the information about the moduli space as well as the whole
lagrangian. In cases where an F function exists, F

is simply the derivative of F with
respect to X

. Clearly the moduli space is parametrized by the values of the scalar elds.































These symplectic transformations are continious at the classical level but broken to a
discrete subgroup at the quantum level due to instantons eects. Letting the X
I
be
proportional to holomorphic sections Z
I
(z) of a projective (n + 1)-dimensional space,
where z is a set of n complex coordinates, then the z coordinates parametrize a Kahler









K, where K, the Kahler potential is expressed by



































































The central charge Z depends on the quantum numbers, electric and magnetic charges,

















>From the knowledge of the embedding of the duality group of the moduli space into the
symplectic group Sp(2n
V





Whether an F function exists or not depends very much on the choice of the embedding.
In this formulation, the embedding contains the full information about the lagrangian of
the theory [6].





models and discuss their special geom-
etry and symplectic sections. The isometry group of these cosets is given by the group




M = ; detM = 1; (8)
with  the constant diagonal metric with signature (+; ;    ; ), and decompose the
matrix M into its real and imaginary part,
M = U + iV; (9)









U = 0: (10)
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Recall that an element 



















where the matrices A, B C and D are (n+ 1) (n+ 1) matrices, then in terms of these

















of SU(1; n;Z) into the symplectic group Sp(2n + 2) is given in com-
ponents by
A = U; C =  V; B = V ; D = U: (14)




) which transforms as a vector under the
symplectic transformations induced by 

e
. These transformation rules can then be used
to determine the relation between F

and the coordinates X

. In components, these
transformations are given by
X ! UX + V @F; @F !  V X + U@F; (15)





It can be seen from the relations (15) that @F can be identied with iX, and as such,







In this case, the complex vector X transforms as
X ! (U + iV )X = MX; (17)
which implies that X is proportional to the complex coordinates parametrizing the
SU(1;n)
U(1)SU(n)
coset, and satisfying the following relation,

y































;  = 1;    ; n; (19)












coordinates in this case are given by z

and the Kahler potential is given by














: In fact once an embedding 

e
is specied, then for all


































Using (21) and (22), another embedding of SU(1; n) into Sp(2n+2) can be obtained











































































>From (24), it can be easily seen that there exists a holomorphic prepotential F
0
which










































and the Kahler potential is given by















We now consider the simplest case, namely N = 2 supergravity with one scalar eld (the
modulus) parametrizing the coset
SU(1;1)
U(1)
[7]. For the embedding as dened in (14), X



















































The Kahler potential is given by
K =   log(2  2t

t); (30)























where M is the so-called holomorphic mass, Z is the central charge of the N = 2








are the symplectic quantum numbers











































)Z = 0() @
i
jZj = 0: (34)
Substituting the extremal values of the moduli into the square of the central charge one
obtains the Bekenstein-Hawking entropy.








































The entropy is invariant under the duality transformations, this can be easily veried by



























Using the above transformation and the conditions (10) satised by U and V , it can
be seen that the entropy is duality invariant. Moreover, the duality invariance is also







transforms as a vector under the
SU(1; 1) duality transformation.
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) of the moduli
space corresponding to the embedding (23) for the SU(1; 1) case. Represent the modulus
















) = (a  ib); (39)








= 1; implies that ad   bc = 1: Using (23) we obtain the











d 0 c 0
0 a 0  b
b 0 a 0


































































































Obviously, this result can also be obtained from (37) by performing a symplectic trans-



































Finally, we analyze the case in which an F function does not exist [2, 3]. In this case














































































0 0 0 1
0 0  1 0
0  1 0 0

























We now consider the most general case,
SU(1;n)
SU(n)U(1)
, and analyze the system using the























The Kahler potential is given by










































are as dened in (32), Q
ic




















The extremization of the central charge gives the following equations for the moduli
















































































The above formula is universal for all the CP (n   1; 1) cosets with the appropriate di-
mensionality of the vector dening the magnetic and electric charges and the metric .
In order to get the entropy in other parametrization of the moduli space, one need only
to know the relation between the set of charges. Suppose that we have a parametriza-
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